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in more than one manner, and hence the different systems of geometry.
Manifestly the labors of Lobachevski were the outcome of intense and protracted mental effort, and it may be surmised that he first gained a clear conception of his system from general considerations and by analytic (algebraic) methods before he was able to present it synthetically. Expositions in this cumbersome Euclidean form are by no means alluring, and it is possibly due mainly to this fact that the significance of Lobachevski's and Bolyai's labors received such tardy recognition.
Lobachevski developed only the consequences of the modification of Euclid's Fifth Postulate. But if we abandon the Euclidean assertion that "two straight lines cannot enclose a space/' we shall obtain a companion-piece to the Lobachevskian geometry. Restricted to a surface, it is the geometry of the surface of a sphere. In place of the Euclidean straight lines we have great circles, all of which intersect twice and of which each pair encloses two spherical lunes. There are therefore no parallels. Riemann first intimated the possibility of an analogous geometry for three-dimensional space (of positive curvature),—a conception that does not appear to have occurred even to Gauss, possibly owing to his predilection for infinity. And Helmholtz,1 who continued the researches of Riemann physically, neglected in his turn, in his first publication, the de-
1'' Ueber   die   thatsaehliehen   Grundlagen   der  Geometrie,' Wissensch. Abhandl., 1866.   II., p. 610 et seq.vskian triangle ring the sides a, b, c, and the angles A, B, C, we am, when C is a right angle,
